It is of high importance to determine the distribution of thermal fields in arc fusion welding processes due to their influence on mechanical properties and quality of welded joints. This paper presents analytical models for 2D and 3D heat conduction based on solutions of the Fourier's heat conduction differential equation. Furthermore, authors provide simplified equations for the calculation of cooling time and cooling rate for 2D and 3D heat conduction models.
Introduction
There are various approaches to determining the distribution of thermal fields in fusion welding. They may be divided into experimental, numerical and analytical methods. Analytical models obtained on the basis of the Fourier's heat conduction differential equation, applied in common solid models and heat source models in arc fusion welding, in addition to quantitative data on the thermal field distribution in welding, provide the possibility of a clear qualitative insight into mutual influence of individual essential variables that affect the thermal field distribution in welding. This paper provides analytical solutions that describe 2D and 3D heat conduction in arc fusion welding, as well as simplified expressions used for determining the heat input within the process of designing the welding technology.
The influence of thermal field distribution on the properties of a welded joint
The influence of thermal field distribution and heat conduction in arc fusion welding may be observed through the cooling rate of individual welded joint points, i.e. through the cooling duration from e.g. 800 °C to 500 °C, in the way presented in Fig. 1 . Figure 1 Qualitative influence of the cooling rate on the mechanical properties of the welded joint [1] The heat input in the basic material being welded heats the material in the merging point up to and above the fusion within a relatively short period of time. This is followed by cooling at a defined speed, whose consequences are mechanical properties at the joint place (strength, toughness, hardness, …), depending on the cooling mode, i.e. the cooling rate of individual welded joint points. Due to the complexity of analytical solutions for heat conduction, frequently only the welded joint cooling cycle is considered, i.e. cooling duration from 800 °C to 500 °C (e.g. in common structural steel). Naturally, the cooling cycle depends on the amount of previously input heat, physical properties of materials (λ, c, ρ, a), shape and dimensions of the material being welded and other variables of influence.
3 Solid models and heat source models in arc fusion welding
Solid shape and heat source shape, in addition to thermal and physical properties of materials and conditions for heat transfer into the environment, represent the main influential factors of heat expansion during welding. Mathematical models for determining thermal fields in welding, as used in this paper, were obtained under the assumption that simplified solid and heat source shapes are used, as the change of physical properties depending on the temperature was not included. Solid shapes that in practice appear in various combinations mostly refer to the following ( c) Thin sheet metal. It is assumed that the temperature along sheet metal thickness is the same -the distribution of thermal field is the same on both sides of sheet metal. Heat conduction is two-dimensional. This temperature distribution is obtained in butt welding of thin sheet metal or in one-side welding in a single motion. ( Heat source shapes are divided according to the character of energy distribution in space, according to temporal action etc. (fixed and movable, …).
According to the character of energy distribution in space, the following heat sources may be distinguished: -point heat source in which energy is concentrated in a single point, instead of within the heating circle, -line heat source in which energy is concentrated in a single line, -planar heat source in which energy is concentrated in a single plane, -volume heat source in which energy is concentrated in a given volume.
According to temporal action, the following heat sources may be distinguished: momentary, permanent, of variable intensity.
Analytical models of heat conduction in welding
Starting from the universal differential Eq. (1), models were derived that describe the effect of momentary and movable heat sources on individual models of solids being welded. This is a second order homogenous partial linear differential equation of parabolic type that provides the connection between the temperature change rate of a given point and the temperature distribution in the environment of that point.
If a workpiece is influenced by a heat source
and simultaneously heat transfer from a metal object to its environment occurs, the heat conduction Eq.
(1) will have the following form:
whereat: c, λ, ρ − material's physical properties; b − coefficient of temperature drop intensity due to heat transfer from the object into the environment, s Flat source in an infinite rod: [2] ( )
Line source in infinite sheet metal: [2] ( )
Point source in an infinite object: [2] ( )
The most frequently used heat sources in welding are movable heat sources of defined power and movement rate. Under the assumption that the coordinate system is movable and that its origin is always located in the middle of the heat source, some simplified expressions may be derived that describe the effect of movable heat sources on common solid models in welding. In the text to follow the classification of common solid models and models of movable heat sources for welding is provided, as well as the calculation mode of non-stationary thermal field, using the equations for quasi-stationary thermal field and the corrective temporal-spatial member, for common solid models and movable heat sources.
Movable line heat source -thin flat plate
The effect of a movable line heat source on a thin flat layer is described by the Eq. (6) in movable coordinate system [1, 3] :
After the initiation of the welding process, stepwise thermal saturation occurs, i.e. the amounts of input and output heat are balanced. After a sufficiently long period of welding time, the so-called assumed quasi-stationary thermal field is recovered. In theory, an infinite period of time would be necessary for reaching stationary state.
An example of a quasi-stationary thermal field (heat saturation factor Ψ 2 = 1, i.e. for quasi-stationary heat conduction state) that developed due to the influence of a movable line heat source with energy q/v = 4184 J/mm (v = 1 mm/s), on thin flat sheet metal, is shown in Fig. 6 . [1, 3] ( )
Movable point heat source on a flat plate
An example of a quasi-stationary thermal field (heat saturation factor ψ 3 = 1, i.e. for quasi-stationary heat conduction state) that developed due to the influence of a movable point heat source with energy q/v = 4 184 J/mm (v = 1 mm/s), on a flat layer of thickness amounting to 20 mm, is shown in Fig. 7 . 
4.3
Movable point heat source -semi-infinite solid [1, 3] The Eq. (8) describes the effect of the movable point source on a semi-infinite solid:
Further simplification of these equations would be possible if these were cases of welding with high-speed and high-efficient heat sources, i.e. if the movement rate of a heat source tended to infinity, but in the way that the q/v ratio remained constant. In such cases temperature gradients in the direction of the y and z axes are significantly higher than in the direction of the x axis, the direction of the heat source movement. This fact significantly simplifies the solution form in relation to the Eqs. (6, 7 and 8) , so with heat dissipation towards the environment being neglected, the aforementioned solutions take simpler forms. For the case of welding with a high-speed, highefficient flat thin plate source (2D), the following equation is valid:
while the solution for the limit state of heat expansion in a one-sided limit solid (3D), it is represented by the following equation:
In Eqs. (9) and (10) as time t one considers the time in which a heat source passes along the plane in which the point is momentarily located for which temperature is calculated.
From these equations it is possible to calculate the cooling rate at a given temperature or cooling time in e.g. the temperature interval from 800 to 500 °C (t 8/5 ).
Cooling rates of a welded joint at a selected temperature T are represented by expressions (11) for a 2D heat conduction model and (12) a 3D heat conduction. 
In the SEW standard [5] , as in other sources [6, 7, 8] , Eqs. (13) and (14) are adapted to practical calculation of the welded joint cooling time in the temperature interval from 800 to 500 °C (t 8/5 ). By solving the Eqs. (13) and (14) according to E ef = q/v, heat input may be obtained that is to be brought to a material by means of welding in order to achieve a suitable cooling rate, i.e. cooling time from 800 to 500 °C and desired mechanical properties of the welded joint. If δ > δ gr , the equation for 2D heat conduction is used, while if δ < δ gr , the equation for 3D heat conduction is used. Fig. 9 shows the most significant equations that describe heat conduction models in arc fusion welding.
Conclusion
Analytical solutions of the Fourier's heat conduction differential equation, as applied to common solid models and heat source models in arc fusion welding processes, result in practical solutions that provide the possibility of a qualitative insight into mutual influences between individual variables and individual influence of each variable on the thermal field distribution in welding. The accuracy of analytical models presented in this paper is reduced as one approaches the middle of the welded joint, i.e. the origin of the coordinate system. However, simplified formulae for calculating thermal input and cooling time from 800 to 500 °C are very practical, so they are relatively frequently used in specialist literature. Such models are suitable for combining with numerical methods that, in addition to appropriate boundary conditions, may result in more precise calculations of thermal field distribution in welding. 
